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Àííîòàöèÿ
Íàñòîÿùàÿ ñòàòüÿ ÿâëÿåòñÿ âòîðîé ÷àñòüþ öèêëà ðàáîò ¾×èñëåííîå èññëåäîâàíèå êî-
íå÷íûõ äåîðìàöèé ãèïåðóïðóãèõ òåë¿ è ñîäåðæèò èçëîæåíèå òåîðåòè÷åñêèõ àñïåêòîâ
ïîñòðîåíèÿ îïðåäåëÿþùèõ ñîîòíîøåíèé äëÿ ãèïåðóïðóãèõ òåë. àññìîòðåíû èçîòðîïíûå
ìàòåðèàëû è ìàòåðèàëû ñî ñëàáîé ñæèìàåìîñòüþ.
Êëþ÷åâûå ñëîâà: êîíå÷íûå äåîðìàöèè, ãèïåðóïðóãîñòü, ïîòåíöèàë óïðóãîé ýíåð-
ãèè äåîðìàöèé, èçè÷åñêèå ñîîòíîøåíèÿ.
Ââåäåíèå
Â ïåðâîé ÷àñòè öèêëà ñòàòåé [1℄ áûëè èçëîæåíû îáùèå âîïðîñû íåëèíåéíîé ìå-
õàíèêè äåîðìèðóåìûõ ñðåä, ïðèâåäåíû îñíîâíûå ïîëîæåíèÿ êèíåìàòèêè êîíå÷-
íûõ äåîðìàöèé è ðàçëè÷íûå âàðèàíòû âàðèàöèîííûõ óðàâíåíèé. Â íàñòîÿùåé
÷àñòè ðàññìîòðåíû âîïðîñû ïîñòðîåíèÿ èçè÷åñêèõ ñîîòíîøåíèé ïðè êîíå÷íûõ
äåîðìàöèÿõ. Îáîçíà÷åíèÿ ïîëíîñòüþ ñîîòâåòñòâóþò îáîçíà÷åíèÿì, ââåäåííûì â
ñòàòüå [1℄, è èñïîëüçóåòñÿ òîò æå àïïàðàò ïðÿìîãî òåíçîðíîãî èñ÷èñëåíèÿ.
Ïîñòðîåíèþ îïðåäåëÿþùèõ (èçè÷åñêèõ) ñîîòíîøåíèé äëÿ ãèïåðóïðóãèõ òåë,
òî åñòü äëÿ òàêèõ ìàòåðèàëîâ, êîòîðûå äîïóñêàþò ââåäåíèå óïðóãîãî ïîòåíöèà-
ëà, èìåþùåãî ñìûñë ïîòåíöèàëüíîé ýíåðãèè äåîðìàöèè, ïîñâÿùåíî ìíîæåñòâî
ïóáëèêàöèé. Îòìåòèì ñëåäóþùèå ìîíîãðàèè [29℄, â êîòîðûõ ïðèâîäèòñÿ îáøèð-
íàÿ áèáëèîãðàèÿ ïî ýòîìó âîïðîñó è èçëîæåíû îñíîâíûå ïîëîæåíèÿ ïîñòðîåíèÿ
óêàçàííûõ îïðåäåëÿþùèõ ñîîòíîøåíèé. Â íàñòîÿùåé ñòàòüå â çíà÷èòåëüíîé ñòåïå-
íè ïðèâîäèòñÿ ýòîò ìàòåðèàë. Èç ïóáëèêàöèé â ïåðèîäè÷åñêîé ëèòåðàòóðå ìîæíî
îòìåòèòü ðàáîòû [1015℄ â êîòîðûõ èçëàãàþòñÿ âàðèàíòû ïîñòðîåíèÿ èçè÷åñêèõ
ñîîòíîøåíèé äëÿ êîíêðåòíûõ ìàòåðèàëîâ è ïðèâîäÿòñÿ ïðèìåðû ðåøåíèÿ çàäà÷.
Ïåðâûé ðàçäåë ïîñâÿùåí èçëîæåíèþ îáùèõ âîïðîñîâ ïîñòðîåíèÿ èçè÷åñêèõ
ñîîòíîøåíèé äëÿ ãèïåðóïðóãîãî èçîòðîïíîãî ìàòåðèàëà. àññìàòðèâàþòñÿ ðàçëè÷-
íûå ñëó÷àè îïðåäåëåíèÿ óïðóãîãî ïîòåíöèàëà êàê óíêöèè ëèáî èíâàðèàíòîâ ìåð
äåîðìàöèè Êîøèðèíà èëè Ôèíãåðà, ëèáî ãëàâíûõ çíà÷åíèé ýòèõ òåíçîðîâ è
òåíçîðîâ èñêàæåíèé. Äîñòàòî÷íî ïîäðîáíî èçëàãàþòñÿ âîïðîñû, ñâÿçàííûå ñ ïðåä-
ñòàâëåíèåì òåíçîðîâ íàïðÿæåíèé â âèäå ðàçëîæåíèÿ ïî ãëàâíûì çíà÷åíèÿì.
Âî âòîðîì ðàçäåëå ïðèâîäÿòñÿ âñå íåîáõîäèìûå âûêëàäêè äëÿ ïîñòðîåíèÿ è-
çè÷åñêèõ ñîîòíîøåíèé äëÿ ìàòåðèàëîâ ñî ñëàáîé ñæèìàåìîñòüþ, ê êîòîðûì îòíî-
ñÿòñÿ ýëàñòîìåðû. Â ýòîì ñëó÷àå â âûðàæåíèè ïîòåíöèàëà óïðóãèõ äåîðìàöèé
îòäåëüíî âûäåëÿåòñÿ ñëàãàåìîå, îïðåäåëÿþùåå èçìåíåíèå îáúåìà, è ñëàãàåìîå, çà-
âèñÿùåå îò èçìåíåíèÿ îðìû. Äëÿ ýòîãî ââîäÿòñÿ ìîäèèöèðîâàííûå ìåðû äå-
îðìàöèè Ôèíãåðà, êîòîðûå íå çàâèñÿò îò èçìåíåíèÿ îðìû.
Â òðåòüåì ðàçäåëå èçëàãàþòñÿ ïðîöåäóðû ïîñòðîåíèÿ ñîîòíîøåíèé, ñâÿçûâàþ-
ùèõ ìàòåðèàëüíûå ïðîèçâîäíûå îò òåíçîðîâ íàïðÿæåíèé è òåíçîðîâ ìåð äåîðìà-
öèé è èñêàæåíèé. Ýòè ñîîòíîøåíèÿ íåîáõîäèìû äëÿ ïîñòðîåíèÿ ÷èñëåííûõ àëãî-
ðèòìîâ, èñïîëüçóåìûõ â ñîâðåìåííûõ ìåòîäàõ ðåøåíèÿ çàäà÷ ñ âûñîêîé ñòåïåíüþ
íåëèíåéíîñòè (èçè÷åñêîé è ãåîìåòðè÷åñêîé).
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1. Ôèçè÷åñêèå ñîîòíîøåíèÿ äëÿ ãèïåðóïðóãîãî èçîòðîïíîãî òåëà
Áóäåì ñ÷èòàòü, ÷òî ñóùåñòâóåò óíêöèÿ W, êîòîðàÿ îïðåäåëÿåò çíà÷åíèå ïî-
òåíöèàëüíîé ýíåðãèè äåîðìàöèè, çàïàñàåìîé ýëåìåíòàðíûì îáúåìîì òåëà ïðè åãî
äåîðìàöèè. Î÷åâèäíî, ÷òî àðãóìåíòàìè ýòîé óíêöèè ìîãóò áûòü êîìïîíåíòû
ëþáîãî òåíçîðà, îïèñûâàþùåãî êèíåìàòèêó äåîðìèðîâàíèÿ. Ïîñêîëüêó ïðåäïî-
ëàãàåòñÿ ìîäåëèðîâàíèå òîëüêî èçîòðîïíîé ñðåäû, òî ïîòåíöèàë óïðóãîé ýíåðãèè
W äîëæåí áûòü óíêöèåé èíâàðèàíòîâ òîãî òåíçîðà, êîòîðûé ïðèíÿò áàçîâûì
äëÿ îïèñàíèÿ äåîðìàöèè. Íàïðèìåð,
W =W (I1C , I2C , I3C) =W (I1B , I2B, I3B) (1)
èëè
W =W (I1U , I2U , I3U ) =W (I1V , I2V , I3V ).
Ôèçè÷åñêèå ñîîòíîøåíèÿ ñòðîÿòñÿ ïóòåì ñîñòàâëåíèÿ óðàâíåíèÿ âèäà
δW =
1
2
(S) · ·(δC),
èç êîòîðîãî ñëåäóåò áàçîâîå ñîîòíîøåíèå
(S) = 2
(
∂W
∂C
)
. (2)
×òîáû âîñïîëüçîâàòüñÿ ïîëó÷åííûìè ñîîòíîøåíèÿìè, ó÷òåì, ÷òî(
∂W
∂C
)
=
∂W
∂I1C
(
∂I1C
∂C
)
+
∂W
∂I2C
(
∂I2C
∂C
)
+
∂W
∂I3C
(
∂I3C
∂C
)
,
(
∂I1C
∂C
)
= (I) ,
(
∂I2C
∂C
)
= I1C (I)− (C)
T
,
(
∂I3C
∂C
)
= I3C
(
C−1
)
,
(3)
è ââåäåì îáîçíà÷åíèÿ
∂W
∂IiC
=
∂W
∂IiB
= ψi (i = 1, 2, 3) . (4)
Â ðåçóëüòàòå ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïîëó÷èì:
(S) = 2
{
ψ1 (I) + ψ2 [I1C (I)− (C)] + ψ3I3C
(
C−1
)}
=
= 2
[
(ψ1 + ψ2I1C) (I)− ψ2 (C) + ψ3I3C
(
C−1
)]
.
Èç òîæäåñòâà àìèëüòîíà Êýëè ìîæíî âûðàçèòü
I3C
(
C−1
)
=
(
C2
)
− I1C (C) + I2C (I) (5)
è çàïèñàòü
(S) = 2
[
(ψ1 + ψ2I1C + ψ3I2C) (I)− (ψ2 + ψ3I1C) (C) + ψ3
(
C2
)]
=
= 2
[
ϕ1 (I) + ϕ2 (C) + ψ3
(
C2
)]
, (6)
ãäå
ϕ1 = (ψ1 + ψ2I1C + ψ3I2C) , ϕ2 = − (ψ2 + ψ3I1C) .
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Åñëè òåíçîðû ìåð äåîðìàöèé ïðåäñòàâèòü â âèäå ðàçëîæåíèÿ ïî ñîáñòâåííûì
çíà÷åíèÿì è íàïðàâëåíèÿì, òî èç (6) ñëåäóåò ñîîñíîñòü òåíçîðîâ (C) è (S) , òî åñòü
(S) =
∑
i
Si(cici), (7)
ãäå
Si = 2
[
ϕ1 + ϕ2Ci + ψ3C
2
i
]
.
Äëÿ òåíçîðà íàïðÿæåíèé ÊîøèÝéëåðà àíàëîã ñîîòíîøåíèé (2) èìååò âèä
(Σ) =
2
J
(B) ·
(
∂W
∂B
)
. (8)
Ïîäñòàâëÿÿ (1) â (8) ñ ó÷åòîì (4), ïîëó÷àåì
(Σ) =
2
J
(B) ·
{
∂W
∂I1B
(I) +
∂W
∂I2B
[I1B(I)− (B)] +
∂W
∂I3B
I3B(B
−1)
}
=
=
2
J
[
ψ3I3B(I) + (ψ1 + ψ2I1B)(B)− ψ2(B
2)
]
.
Îòñþäà ñëåäóåò ñîîñíîñòü ìåðû äåîðìàöèè Ôèíãåðà (B) è òåíçîðà íàïðÿæåíèé
ÊîøèÝéëåðà (Σ) , òî åñòü
(Σ) =
∑
i
σi(bibi),
ãäå
σi =
2
J
[
ψ3I3B + (ψ1 + ψ2I1B)Bi − ψ2B
2
i
]
.
Äëÿ òåíçîðà íàïðÿæåíèé Êèðõãîà [1℄ ñïðàâåäëèâî ñîîòíîøåíèå
(τ) =
∑
i
τi(bibi),
ãäå
τi = 2
[
ψ3I3B + (ψ1 + ψ2I1B)Bi − ψ2B
2
i
]
.
Òåíçîð íàïðÿæåíèé âî âðàùàþùåéñÿ ñèñòåìå êîîðäèíàò (T ) [1℄ áóäåò èìåòü âèä
(T ) = (R)T ·
∑
i
σi(bibi) · (R) =
∑
i
σi(cici).
Òåíçîð íàïðÿæåíèé Áèî [1℄ ìîæåò áûòü ïðåäñòàâëåí â âèäå
(Ξ) =
∑
i
SiUi(cici) =
∑
i
Ξi(cici).
Åñëè ïîòåíöèàë óïðóãèõ äåîðìàöèé W çàäàåòñÿ â âèäå óíêöèé îò èíâàðèàí-
òîâ ñîîòâåòñòâóþùèõ ìåð äåîðìàöèé, òî ïîñòðîåíèå îïðåäåëÿþùèõ ñîîòíîøåíèé
ñâîäèòñÿ ê âû÷èñëåíèþ ïðîèçâîäíûõ (4).
×àñòî óíêöèþ W çàïèñûâàþò â âèäå óíêöèè îò ãëàâíûõ çíà÷åíèé ñîîòâåò-
ñòâóþùèõ ìåð äåîðìàöèé. Â ýòîì ñëó÷àå îïðåäåëÿþòñÿ ãëàâíûå çíà÷åíèÿ ñîïðÿ-
æåííûõ òåíçîðîâ íàïðÿæåíèé, ÷òî âïîëíå äîïóñòèìî ââèäó ñîîñíîñòè ýòèõ ïàð
òåíçîðîâ. Íàïðèìåð, åñëè
W =W (C1, C2, C3),
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òî
Si = 2
(
∂W
∂Ci
)
,
è äàëåå èñïîëüçóåòñÿ âûðàæåíèå (7).
Åñëè
W =W (B1, B2, B3),
òî
τi = 2Bi
(
∂W
∂Bi
)
.
Åñëè
W =W (U1, U2, U3) =W (V1, V2, V3), (9)
òî
Ξi = UiSi =
(
∂W
∂Ui
)
,
îòêóäà
Si =
1
Ui
(
∂W
∂Ui
)
. (10)
Îòìåòèì ñïðàâåäëèâîñòü ñîîòíîøåíèÿ
(τ) = (F ) · (S) · (F )T = (R) · (U) · (S) · (U) · (R)T =
= (R) ·
∑
i
U2i Si(cici) · (R)
T =
∑
i
Ui
∂W
∂Ui
(bibi),
òî åñòü
τi = Jσi = Ui
∂W
∂Ui
= Vi
∂W
∂Vi
. (11)
2. Ìàëîñæèìàåìûé èçîòðîïíûé ìàòåðèàë
Äëÿ èçîòðîïíîãî ìàòåðèàëà, êîòîðûé õàðàêòåðèçóåòñÿ ìàëîé ñæèìàåìîñòüþ,
à ýòî äîâîëüíî áîëüøàÿ ãðóïïà òàê íàçûâàåìûõ ýëàñòîìåðîâ (ðåçèíîïîäîáíûõ
ìàòåðèàëîâ), â îïðåäåëÿþùèõ ñîîòíîøåíèÿõ âûäåëÿþò â îòäåëüíóþ ãðóïïó äå-
îðìàöèè, âûçûâàþùèå èçìåíåíèå îáúåìà. Äëÿ ýòîãî ââîäÿòñÿ â ðàññìîòðåíèå
ìåðû äåîðìàöèè, êîòîðûå íå ñîïðîâîæäàþòñÿ èçìåíåíèåì îáúåìà, â ñëåäóþùåé
îðìå:
(F̂ ) = J−1/3 (F ) , (B̂) = J−2/3 (B) . (12)
Äåéñòâèòåëüíî, äëÿ ýòèõ ìåð òðåòèé èíâàðèàíò ðàâåí åäèíèöå:
I
3B̂ = J
−2I3B = 1, èëè det |F̂ | = 1.
Óäåëüíóþ ïîòåíöèàëüíóþ ýíåðãèþ äåîðìàöèè ìîæíî ïðåäñòàâèòü â âèäå ñóì-
ìû äâóõ ñëàãàåìûõ, ïåðâîå èç êîòîðûõ çàâèñèò òîëüêî îò èçìåíåíèÿ îáúåìà, à âòî-
ðîå  îò èíâàðèàíòîâ ââåäåííûõ ìîäèèöèðîâàííûõ ìåð äåîðìàöèé. Íàïðèìåð,
W =W0(J) +W
(
I
1B̂, I2B̂
)
. (13)
Îòñþäà ñëåäóåò, ÷òî
δW =
∂W0
∂J
δJ +
∂W
∂I
1B̂
δI
1B̂ +
∂W
∂I
2B̂
δI
2B̂ ,
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èëè
δW = ψ̂0δJ + ψ̂1δI1B̂ + ψ̂2δI2B̂ ,
ãäå
ψ̂0 =
∂W0
∂J
, ψ̂1 =
∂W
∂I
1B̂
, ψ̂2 =
∂W
∂I
2B̂
.
Ñïðàâåäëèâî ðàâåíñòâî
δJ = J∇y · δR.
Äëÿ âàðèàöèè èíâàðèàíòîâ ñ ó÷åòîì (3) ïîëó÷èì
δI
1B̂ =
(
∂I
1B̂
∂B̂
)
· ·(δB̂) = (I) · ·(δB̂),
δI
2B̂ =
(
∂I
2B̂
∂B̂
)
· ·(δB̂) =
[
I
1B̂(I)− (B̂)
]
· ·(δB̂).
Òåïåðü ïåðåéäåì ê âû÷èñëåíèþ âàðèàöèé òåíçîðà (B̂) :
(δB̂) = −
2
3
J−5/3δJ(B) + J−2/3(δB) =
= −
2
3
J−1δJ(B̂) + J−2/3[(δF ) · (F )T + (F ) · (δF )T ] =
= −
2
3
(B̂) [∇y · δR] + J
−2/3{[(δF ) · (F−1)] · [(F ) · (F )T ]+
+ [(F ) · (F )T ] · [(F−1)T · (δF )T ]} =
= −
2
3
(B̂) [∇y · δR] + (∇yδR)
T · (B̂) + (B̂) · (∇yδR).
Èìåþò ìåñòî ñîîòíîøåíèÿ
(I) · ·(δB̂) = −
2
3
I
1B̂ [∇y · δR] + (B̂) · ·
[
(∇yδR) + (∇yδR)
T
]
=
= 2(B̂) · ·
{
1
2
[
(∇yδR) + (∇yδR)
T
]
−
1
3
[∇y · δR] (I)
}
,
(B̂) · ·(δB̂) = 2[(B̂) · (B̂)] · ·
{
1
2
[
(∇yδR) + (∇yδR)
T
]
−
1
3
[∇y · δR] (I)
}
.
Îòìåòèì, ÷òî âûðàæåíèå â èãóðíûõ ñêîáêàõ åñòü äåâèàòîð òåíçîðà (δdR) , òî
åñòü
(δd ′R) =
{
1
2
[
(∇yδR) + (∇yδR)
T
]
−
1
3
[∇y · δR] (I)
}
.
Îáîçíà÷èì òåïåðü
(Ĝ) =
[
ψ̂1 + I1B̂ψ̂2
]
(B̂)− ψ̂2(B̂
2). (14)
Òàêèì îáðàçîì, äëÿ âàðèàöèè óäåëüíîé ýíåðãèè äåîðìàöèè ïîëó÷èì ñëåäóþ-
ùåå âûðàæåíèå:
δW = Jψ̂0 [∇y · δR] + 2(Ĝ) · ·(δd
′
R) = Jψ̂0I1δdR + 2(Ĝ
′) · ·(δd ′R). (15)
Ïîëíàÿ ýíåðãèÿ äëÿ òåêóùåãî ñîñòîÿíèÿ áóäåò îïðåäåëÿòüñÿ èíòåãðàëîì
δU =
∫
V
δWdV . (16)
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Ñ äðóãîé ñòîðîíû, åñëè ââåñòè â ðàññìîòðåíèå ñðåäíåå íàïðÿæåíèå è äåâèà-
òîð íàïðÿæåíèÿ, òî ðàáîòó âíóòðåííèõ íàïðÿæåíèé íà âèðòóàëüíûõ äåîðìàöèÿõ
â àêòóàëüíîì ñîñòîÿíèè (âàðèàöèè ïîòåíöèàëüíîé ýíåðãèè äåîðìàöèè) ìîæíî
çàïèñàòü â âèäå
δU =
∫
V
(Σ) · ·
{
1
2
[
(∇yδR) + (∇yδR)
T
]}
dV =
=
∫
V
[σ0 [∇y · δR] + (Σ
′) · ·
{
1
2
[
(∇yδR) + (∇yδR)
T
]
−
1
3
[∇y · δR]
}
]dV . (17)
Ñðàâíèâàÿ (15), (16) è (17) èìååì, ÷òî
σ0 = Jψ̂0 = J
∂W0
∂J
,
(Σ ′) = 2(Ĝ ′).
Â ðåçóëüòàòå ïîëó÷èì èçè÷åñêèå ñîîòíîøåíèÿ äëÿ òåíçîðà èñòèííûõ íàïðÿ-
æåíèé â âèäå ñóììû øàðîâîãî òåíçîðà è äåâèàòîðà:
(Σ) = ψ̂0(I) + 2(Ĝ
′). (18)
Äëÿ ïîëó÷åíèÿ áîëåå óäîáíîãî âûðàæåíèÿ äëÿ âû÷èñëåíèÿ (Ĝ ′)â ñëó÷àå êâàä-
ðàòè÷íîé çàâèñèìîñòè (14) ïðîâåäåì ñëåäóþùèå ïðåîáðàçîâàíèÿ:
(B) =
1
3
I1B(I) + (B
′),
(B2) = (B) · (B) =
1
9
I2
1B(I) +
2
3
I1B(B
′) + (B ′) · ·(B ′),
(B2) ′ = (B2)−
1
3
I1B2(I) =
1
9
I2
1B(I) +
2
3
I1B(B
′) + (B ′) · ·(B ′)−
1
3
I1B2(I),
1
9
I2
1B −
1
3
I1B2 =
1
3
[
I2
1B − I1B2
]
−
2
9
I2
1B =
=
2
3
I2B −
2
9
I2
1B =
2
3
[
I2B −
1
3
I2
1B
]
=
2
3
I2B ′ .
Îêîí÷àòåëüíî äëÿ äåâèàòîðà òåíçîðà (14) ïîëó÷àåì âûðàæåíèå
(Ĝ
′
) =
2
3
[
I
2B̂ −
1
3
I2
1B̂
]
ψ̂2(I) +
[
ψ̂1 +
1
3
I
1B̂ψ̂2
]
(B̂ ′)− ψ̂2(B̂
′) · (B̂ ′). (19)
3. Ìàòåðèàëüíûå ïðîèçâîäíûå òåíçîðîâ íàïðÿæåíèé
Ìíîãèå ñîâðåìåííûå ìåòîäèêè ðàñ÷åòà, îñíîâàííûå íà øàãîâûõ ïðîöåäóðàõ
(ìåòîä ïîñëåäîâàòåëüíûõ íàãðóæåíèé, ìåòîä ÷èñëåííîãî èíòåãðèðîâàíèÿ ïî âðå-
ìåíè è äð.) òðåáóþò âû÷èñëåíèÿ ëèíåàðèçèðîâàííûõ ïðèðàùåíèé íàïðÿæåíèé,
êîòîðûå âû÷èñëÿþòñÿ êàê ìàòåðèàëüíûå ïðîèçâîäíûå îò íàïðÿæåíèé ïî âðåìåíè.
àññìîòðèì ïðèìåðû èõ âû÷èñëåíèÿ äëÿ ðàññìîòðåííûõ âûøå ìàòåðèàëîâ.
Â êà÷åñòâå ïåðâîãî ïðèìåðà ðàññìîòðèì äèåðåíöèàë ñîîòíîøåíèé (2), ñâÿ-
çûâàþùèõ 2-é òåíçîð íàïðÿæåíèé ÏèîëûÊèðõãîà è ìåðó äåîðìàöèè Êîøè
ðèíà. Â îáùåì ñëó÷àå ñïðàâåäëèâî
(S˙) =
(
∂S
∂C
)
· ·(C˙), (20)
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ãäå
(
∂S
∂C
)
 òåíçîð 4-ãî ðàíãà. Ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé ïîëó÷èì ñëåäó-
þùåå âûðàæåíèå:(
∂S
∂C
)
= 2
{
(I)
(
∂ϕ1
∂C
)
+ ϕ2
(
∂C
∂C
)
+ (C)
(
∂ϕ2
∂C
)
+ ψ3
(
∂C2
∂C
)
+ (C2)
(
∂ψ3
∂C
)}
=
= 2
{[
(I)
(
∂ϕ1
∂C
)]
+
1
2
ϕ2 [(CII) + (CIII)] +
[
(C)
(
∂ϕ2
∂C
)]
+
+
[
(C2)
(
∂ψ3
∂C
)]
+ ψ3 [(C) · (CII) + (CII) ∗ (C)]
}
. (21)
Çäåñü ââåäåíû òåíçîðû ÷åòâåðòîãî ðàíãà
(CII) = (eiejeiej), (CIII) = (eiejejei) (22)
è îïåðàöèÿ
(CII) ∗ (C) = {[(emen) · (C)] (emen)} .
Äëÿ ïðîèçâîäíûõ
(
∂ϕk
∂C
)
 òåíçîðîâ âòîðîãî ðàíãà  ñïðàâåäëèâî âûðàæåíèå
(
∂ϕk
∂C
)
=
∂ϕk
∂I1C
(I) +
∂ϕk
∂I2C
[I1C (I)− (C)] +
∂ϕk
∂I3C
I3C
(
C−1
)
=
=
[
∂ϕk
∂I1C
+
∂ϕk
∂I2C
I1C +
∂ϕk
∂I3C
I2C
]
(I)−
[
∂ϕk
∂I2C
+
∂ϕk
∂I3C
I1C
]
(C) +
∂ϕk
∂I3C
(
C2
)
è àíàëîãè÷íîå âûðàæåíèå ñïðàâåäëèâî äëÿ
(
∂ψ3
∂C
)
. Çäåñü èñïîëüçóåòñÿ òîæäåñòâî
àìèëüòîíà Êýëè (5).
Â îáùåì ñëó÷àå âìåñòî (20) ìîæíî çàïèñàòü
(S˙) = 2
(
∂2W
∂C2
)
· ·(C˙), (23)
ãäå
(
∂2W
∂C2
)
 òåíçîð ÷åòâåðòîãî ðàíãà.
Äëÿ òåíçîðà íàïðÿæåíèé Êèðõãîà [1℄ ñ ó÷åòîì (8) ïîëó÷èì
(τ˙ ) = 2
(
B˙
)
·
(
∂W
∂B
)
+ 2 (B) ·
[(
∂2W
∂B2
)
· ·
(
B˙
)]
=
= 2
{(
B˙
)
·
(
∂W
∂B
)
+
[
(B) ·
(
∂2W
∂B2
)]
· ·
(
B˙
)}
. (24)
Äëÿ íàïðÿæåíèé ÊîøèÝéëåðà ñîîòíîøåíèå áóäåò ñëîæíåå:
(
Σ˙
)
= 2
{
1
J
(
B˙
)
·
(
∂W
∂B
)
+
+
1
J
[
(B) ·
(
∂2W
∂B2
)]
· ·
(
B˙
)
−
1
J
(B) ·
(
∂W
∂B
)
I1h
}
. (25)
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Ýòè âûðàæåíèÿ ìîæíî ïðèâåñòè ê ñòàíäàðòíîìó âèäó, åñëè ââåñòè äâà òåíçîðà
÷åòâåðòîãî ðàíãà
(G) = 2
[
(CIII) ·
(
∂W
∂B
)]
, (H) = 2
[
(B) ·
(
∂2W
∂B2
)]
.
Òîãäà (24) çàïèøåòñÿ â âèäå
(τ˙ ) = (B˙) · ·(G) + (H) · ·(B˙), (26)
à (25) ïðåîáðàçóåòñÿ â âèäó
(Σ˙) =
1
J
(B˙) · ·(G) +
1
J
(H) · ·(B˙)− (Σ)I1h. (27)
Åñëè â êà÷åñòâå áàçîâîé êèíåìàòè÷åñêîé ìåðû ïðèíèìàåòñÿ ïðîñòðàíñòâåííûé
ãðàäèåíò ñêîðîñòè (èëè åãî ñèììåòðè÷íàÿ ÷àñòü  òåíçîð äåîðìàöèè ñêîðîñòè),
òî ñîîòíîøåíèå (20) ñëåäóåò ïðèíÿòü â âèäå
(S˙) =
(
∂S
∂C
)
· ·(C˙) = 2
(
∂S
∂C
)
· ·
[
(F )T · (d) · (F )
]
= 2
[
(F ) ·
(
∂S
∂C
)
· (F )T
]
· ·(d).
Àíàëîãè÷íî äëÿ (Σ˙) ïîëó÷èì
(Σ˙) =
(
∂Σ
∂B
)
· ·(B˙) =
(
∂Σ
∂B
)
· ·
[
(h) · (B) + (B) · (h)T
]
=
=
[
(B) ·
(
∂Σ
∂B
)]
· ·(h) +
[(
∂Σ
∂B
)
· (B)
]
· ·(h)T .
Ïðè âûâîäå ýòèõ ñîîòíîøåíèé èñïîëüçîâàëèñü ðåçóëüòàòû ðàáîòû [1℄.
Ïîäîáíûì îáðàçîì ìîæíî ïðåîáðàçîâàòü âûðàæåíèÿ (26) è (27).
Òåïåðü ðàññìîòðèì ñòðóêòóðó ïðîèçâîäíûõ (Σ˙) , (τ˙ ) , (S˙) ïðè çàäàíèè ïîòåí-
öèàëà óïðóãèõ äåîðìàöèé â âèäå (9), òî åñòü ñëó÷àé, êîãäà àðãóìåíòàìè ýòîãî
ïîòåíöèàëà ÿâëÿþòñÿ îòíîñèòåëüíûå óäëèíåíèÿ Vi = Ui .
Âû÷èñëåíèå ïðîèçâîäíîé òåíçîðà (S) â âèäå ðàçëîæåíèÿ ïî ãëàâíûì íàïðàâ-
ëåíèÿì (7) ïðèâîäèò ê âûðàæåíèþ
(S˙) = (S♦) + (ΩU ) · (S)− (S) · (ΩU ),
ãäå ó÷èòûâàþòñÿ ðåçóëüòàòû ðàáîòû [1℄. Â ÷àñòíîñòè,
(S♦) =
∑
i
S˙i(cici).
Ñ ó÷åòîì (10) ïîëó÷èì
S˙i =
∑
k
∂Si
∂Uk
U˙k =
∑
k
[
1
Ui
∂2W
∂Ui∂Uk
− δik
1
U2i
∂W
∂Ui
]
U˙k.
Ïî àíàëîãèè äëÿ òåíçîðà íàïðÿæåíèé Êèðõãîà ïîëó÷èì, ÷òî
(τ˙ ) = (τ∇) + (ΩV ) · (τ)− (τ) · (ΩV ),
ãäå
(τ∇) =
∑
i
τ˙i(bibi).
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Â ñèëó (11) èìååì
τ˙i =
∑
k
∂τi
∂Vk
V˙k =
∑
k
[
Vi
∂2W
∂Vi∂Vk
+ δik
∂W
∂Vi
]
V˙k.
Äëÿ òåíçîðà èñòèííûõ íàïðÿæåíèé (Σ) â îáùåì ñëó÷àå ñïðàâåäëèâî ðàâåíñòâî
(Σ˙) =
1
J
(τ˙ )− (Σ)I1h.
Òåïåðü ðàññìîòðèì òåõíîëîãèþ ïîñòðîåíèÿ ëèíåàðèçîâàííîãî âûðàæåíèÿ äëÿ
ñêîðîñòè èñòèííûõ íàïðÿæåíèé äëÿ ìàëîñæèìàåìûõ ýëàñòîìåðîâ ñ èñïîëüçîâàíè-
åì ìîäèèöèðîâàííûõ ìåð äåîðìàöèé Ôèíãåðà (12). Â ýòîì ñëó÷àå ïîòåíöèàë
óïðóãèõ äåîðìàöèé ïðåäñòàâëÿåòñÿ â âèäå äâóõ ñëàãàåìûõ, ïåðâîå èç êîòîðûõ
õàðàêòåðèçóåò èçìåíåíèè îáúåìà, à âòîðîå  èçìåíåíèå îðìû (13). Ôèçè÷åñêèå
ñîîòíîøåíèÿ äëÿ òåíçîðà íàïðÿæåíèé ÊîøèÝéëåðà ïîëó÷àþòñÿ â âèäå (18). Ñî-
ñòàâèì âûðàæåíèå äëÿ ìàòåðèàëüíîé ïðîèçâîäíîé. Èç (18) ñëåäóåò, ÷òî
(Σ˙) =
˙̂
ψ
0
(I) + 2(
˙̂
G ′).
Äëÿ ïåðâîãî ñëàãàåìîãî èìååì
˙̂
ψ
0
= σ˙0 =
∂σ0
∂J
J˙ =
∂2W0
∂J2
JI1d.
Âòîðîå ñëàãàåìîå ñòðóêòóðíî èìååò âèä
(
˙̂
G ′) =
(
∂Ĝ ′
∂B̂ ′
)
· ·(
˙̂
B ′). (28)
Òåíçîð ÷åòâåðòîãî ðàíãà
(
∂Ĝ ′
∂B̂ ′
)
îïðåäåëÿåòñÿ àíàëîãè÷íî òîìó, êàê îïðåäå-
ëÿëñÿ òåíçîð
(
∂S
∂C
)
(21), òàê êàê òåíçîð (S) êâàäðàòè÷íî çàâèñèò îò (C) (6), òî
åãî äåâèàòîð òîæå çàâèñèò êâàäðàòè÷íî îò (B̂ ′) (19). Ïîýòîìó ñòðóêòóðíî òåíçîð(
∂Ĝ ′
∂B̂ ′
)
áóäåò èìåòü âèä òèïà (21).
Âûïèøåì ñîîòíîøåíèå äëÿ (
˙̂
B ′) :
(
˙̂
B ′) =
d
dt
{
J−
2
3
[
(B)−
1
3
(I)I1d
]}
= −
2
3
J−1(B̂ ′)J˙+J−
2
3
{
(B˙)−
1
3
(I)
[
(I) · ·(B˙)
]}
=
= −
2
3
(B̂ ′)I1d + (h) · (B̂) + (B̂) · (h)
T −
1
3
(I)
[
(h) · ·(B̂) + (B̂) · ·(h)T
]
.
Çäåñü èñïîëüçîâàëèñü ñîîòíîøåíèÿ ðàáîòû [1℄ è îðìóëà
J˙
J
= I1d = tr(d) =
∂vm
∂ym
= ∇y · v = divv.
Àëüòåðíàòèâíûì âûðàæåíèþ (28) ìîæåò áûòü îðìóëà
(
˙̂
G ′) =
(
∂Ĝ ′
∂B̂
)
· ·(
˙̂
B).
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Îòñþäà ïîëó÷àåì:
(Σ˙) = (I)
∂2W0
∂J2
JI1d + 2
(
∂Ĝ ′
∂B̂
)
· ·
[
−
2
3
(B̂)I1d + (h) · (B̂) + (B̂) · (h)
T
]
.
Â ýòîì ñëó÷àå ìàòåðèàëüíàÿ ïðîèçâîäíàÿ òåíçîðà íàïðÿæåíèé ÊîøèÝéëåðà
óæå íå ïðåäñòàâëÿåòñÿ â âèäå øàðîâîé è äåâèàòîðíîé ÷àñòè.
Çàêëþ÷åíèå
Ïðèâåäåííûå ñîîòíîøåíèÿ èìåþò îáùèé õàðàêòåð è ñïðàâåäëèâû äëÿ ëþáîãî
ãèïåðóïðóãîãî èçîòðîïíîãî ìàòåðèàëà. Îòìåòèì, ÷òî âñå ïîëó÷åííûå ñîîòíîøåíèÿ
ñâÿçûâàþò ìåæäó ñîáîé ñîïðÿæåííûå ïàðû òåíçîðîâ, êîòîðûå îïèñàíû â ðàáîòå
[1℄. Äëÿ ïîëó÷åíèÿ èçè÷åñêèõ ñîîòíîøåíèé äëÿ êîíêðåòíîãî ìàòåðèàëà íåîáõîäè-
ìî èìåòü ÿâíîå âûðàæåíèå ïîòåíöèàëà óïðóãèõ äåîðìàöèé êàê óíêöèé îò òåõ
èëè èíûõ àðãóìåíòîâ. Äàëåå ïðîöåäóðà èõ (îïðåäåëÿþùèõ ñîîòíîøåíèé) ïîñòðî-
åíèÿ ñâîäèòñÿ ê àëãåáðàè÷åñêèì îïåðàöèÿì â ñîîòâåòñòâèè ñ ïðèâåäåííûìè âûøå
âûðàæåíèÿìè.
àáîòà âûïîëíåíà ïðè èíàíñîâîé ïîääåðæêå îññèéñêîãî îíäà óíäàìåí-
òàëüíûõ èññëåäîâàíèé (ïðîåêò  08-01-00546a).
Summary
A.I. Golovanov, Y.G. Konoplev, L.U. Sultanov. Numerial Investigation of Large Defor-
mations of Hyperelasti Solids. II. Stress-strain relationships.
The urrent artile is the seond part of a researh work yle Numerial investigation of
large deformations of hyperelasti solids. The artile presents theoretial aspets of forming
stress-strain relationships for hyperelasti solids. Isotropi and nearly inompressible materials
are onsidered.
Key words: large deformations, hyperelastiity, strain energy potential, stress-strain
relationships.
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